Smith-Purcell radiation ͑SPR͒, formed by an electron beam traveling above a grating, is a very promising source of coherent radiation from the THz to the optical regime. We present two theoretical calculations of the SPR from a two-dimensional bunch of relativistic electrons passing above a grating of finite length. The first calculation uses the finite-difference time-domain approach with the total-field/scattered-field procedure for fields incident on the grating. This calculation allows good physical insight into the radiation process and also allows arbitrary geometries to be treated. The second calculation uses an electric-field integral equation method. Good agreement is obtained between these two calculations. The results of these theoretical calculations are then compared with a theoretical formalism based on an infinite-length grating. The latter formalism allows periodic boundary conditions to be rigorously applied. For gratings with less than ϳ50 periods, a significant error in the strength of the radiated field is introduced by the infinite-grating approximation. It is shown that this error disappears asymptotically as the number of periods increases. The Wood-Rayleigh anomalies, predicted in the infinite-grating approximation, were not seen in our finite-grating calculations. The SPR resonance condition is the same in all three formalisms. Numerical examples are presented for an ϳ18 MeV, 50 nC/ m, 200 µm bunch traveling 0.6 mm above a ten-period echelle grating having a 2.1-mm periodicity.
I. INTRODUCTION
Smith-Purcell radiation ͑SPR͒ ͓1͔ is typically formed by an electron bunch traveling at a velocity v x and height b min above a periodic grating, as shown in Fig. 1 . A theoretical analysis of SPR was derived by Toraldo Di Francia ͓2͔ in which the electromagnetic ͑EM͒ radiation, generalized as Čerenkov radiation, is caused by diffraction of evanescent waves from the grating. These evanescent waves are generated by a charge traveling in free space. Integral equation methods are used to rigorously solve a wide variety of EM problems in the frequency domain. The rigorous solution by van den Berg of the SPR emitted by a line ͓3͔ or a point ͓4͔ charge moving parallel to an infinitely long grating is obtained by solving an integral equation having a periodic Green's function. Based on the evanescent-wave approach by Toraldo Di Francia and the exact integral method by van den Berg, Haeberlé et al. calculated the SPR for a point charge with energies of 1-100 MeV ͓5͔. Transition radiation is also calculated by using integral equations in various papers such as ͓6,7͔. An induced surface current model was developed by Walsh et al. for SPR from a strip grating ͓8͔, and Brownell et al. generalized it for an arbitrary grating profile ͓9͔. This model is based on the image-charge approximation; however, a two-dimensional ͑2D͒ model for arbitrary grating profiles has not been published.
In common with all of the above models is the agreement on the coherence factor from a finite bunch length and the agreement on the SPR resonance condition. The latter is given by
where the nth radiation order of the SPR wavelength, , in the xz plane, is a function of the spatial angle , the relativistic bunch velocity ␤ = v x / c = ͑1−␥ −2 ͒ 1/2 , and the grating period D g , as illustrated in Fig. 1 . The diffracted radiated pulse from the grating is coherent for wavelengths larger than, or on the order of, the bunch length ͓10͔ and the number of periods in the pulse is equal to the number of grating grooves.
The SPR due to gratings having small number of periods was studied experimentally by Burdette and Hughes ͓11͔. The radiation bandwidth from these gratings was found to be dependent on the number of grating grooves. A comparison of the radiated energy to theoretical models has been done in many recent SPR experiments having various grating densities and lengths. A good agreement for the relative dependence on the bunch height above the grating was obtained. A The radiated energy is proportional to the grating length L. While in experimental setups the grating length is restricted by the bunch emittance and cross section and by the size of the output optics inside the vacuum chamber, the rigorous analytical solution by van den Berg ͓3,4͔ assumes an infinitely long grating. Thus, the measured radiated energy may deviate with respect to theoretical predictions based on van den Berg's model, and therefore, rigorous models taking into account a finite grating length are essential for calculating the output of practical SPR experiments.
Under van den Berg's infinitely long grating assumption the radiated energy per groove equals the work done on the bunch along a groove length. Operating a SPR experiment in the van den Berg regime would require that N g տ 1000 to provide a ϳ10% accuracy, where N g is the number of grating grooves. This requirement could be qualitatively understood by comparing the ratio of a periodic Green's function which is based on a summation over an infinite number of grooves and a Green's function truncated at N g ͓16͔. This issue is discussed in detail in Sec. IV of this paper.
Grating and bunch parameters in a few SPR experiments are presented in Table I. In this table, only the grating in Ref. ͓15͔ fulfills this requirement. Thus, a model taking into account a finite grating length is necessary for most experiments to accurately predict the radiated intensity.
In this paper, we report the first calculation of SPR using a finite-difference time-domain ͑FDTD͒ formalism. The FDTD method is a powerful tool for calculating the EM fields for a wide range of applications such as antennas, high-speed electronic circuits, periodic and photonic bandgap structures, and optical resonators ͓17͔. An analysis of Čerenkov radiation in photonic crystals was confirmed by FDTD simulation using a pointlike current density ͓18͔.
The diffraction of short pulses from a finite-size object could be applied to SPR setups due to the broad spectrum diffracted by the incident free-space bunch wake. Thus, the physics of the diffracted fields by the finite grating length is taken into account in detail. The FDTD technique is easily adaptable to arbitrary grating geometries and can be used to optimize the SPR and estimate the bunch length ͓19,20͔. In addition, it provides an intuitive understanding of the SPR physics by studying its temporal behavior.
The objectives of this paper are to ͑a͒ obtain a time domain ͑FDTD͒ model for calculating the SPR emitted from a finite length grating by a 2D bunch, ͑b͒ obtain a frequencydomain electric-field integral equation ͑EFIE͒ model capable of ͑i͒ benchmarking the time-domain results for a finite length grating and ͑ii͒ benchmarking van den Berg's model ͓3͔ for the infinitely long grating assumption, and ͑c͒ determine the asymptotic convergence of the radiated energy per groove by an extended length grating to van den Berg's solution.
II. FDTD FORMULATION
An FDTD formulation is presented in order to study the temporal behavior of the SPR. In the 2D case shown in Fig.  1 , an electron bunch infinite in the y direction is traveling at an average height b min = b − h and velocity xv x above a grating, where h is the groove height. The bunch free-space evanescent waves ͑wake fields͒ are TE y polarized ͓2͔; thus, the incident components obtained by the 
where 0 and ⑀ 0 are the free-space permeability and permitivity, respectively. The subscripts k and j are the spatial indices in the x and z coordinates, respectively, and the superscript n is the temporal index. The spatial resolution in the x and z coordinates is determined by ⌬ x and ⌬ z where x = k⌬ x and z = j⌬ z . Similarly t = n⌬ t where ⌬ t determines the time step. To ensure a stable solution the FDTD stability factor 2 = ͑c⌬ t ͒ 2 ͑⌬ x −2 + ⌬ z −2 ͒ should be Ͻ1. In order to calculate the diffracted fields due to the 2D bunch, we assumed that the energy lost by the charge is negligible compared to the charge initial energy, and thus a particle-in-cell computation taking into account trajectory changes is not required. This assumption can be checked at the end of the calculation by comparing the radiated energy to the initial electron bunch energy. The ratio is found to be negligible in all cases of interest. Therefore, we took advantage of the fact that the bunch wake could be represented as a set of evanescent plane waves ͓2͔ and used the total-field/ scattered-field ͑TF/SF͒ technique ͓17͔ to simulate the freespace wake as the source fields incident on the grating, 
where q is the total bunch charge per meter and x 0 and z 0 denote the location of the electrons forming the bunch at t = 0. The bunch profile is determined by its distribution function, f͑x 0 , z 0 ͒. Throughout this paper we assumed a longitudinal Gaussian distribution function having a full width at half maximum ͑FWHM͒ of x and a ␦ function at the bunch height in the transverse direction. The FDTD minimum resolution was determined by ⌬ x = ⌬ z = x / 10 in order to support the generation of coherent radiation at wavelengths ജ x . A setup of the FDTD boundary conditions including the TF/SF box is shown in Fig. 2 . The scattering object, which is the grating in the case of SPR, is surrounded by the TF/SF box ͑we found that a margin of four cells was sufficient͒. At each time step the TF/SF box boundaries are updated by the incident fields on its edges such that only the scattered fields escape it. The reader is referred to Ref. ͓17͔ for a detailed explanation of implementing this method. The initial bunch position should be much larger than b, thus, far enough from the grating in order to minimize the initial fields incident on the grating with respect to those when the bunch is above the grating ͑i.e., reduce the initial noise due to the finite running time͒. In our simulations an initial distance of ϳ25b was used.
The grating was assumed to be a perfectly conducting metal with the tangential electric component E ʈ = 0 on its edges. The grating profile was approximated by its best fit on the rectangular mesh. A perfectly matched layer ͑PML͒ ͓22͔ was used to absorb the wave propagating outside of the computation region, as shown in Fig. 2 .
At each time step, tЈ = n⌬ t , the fields on a conversion contour, L a ͑rЈ͒, are stored, where rЈ = xxЈ + ẑzЈ. This contour is located outside of the TF/SF box, as shown in Fig. 2 , and is used to calculate the far-field data. After the simulation ends ͑and the bunch is sufficiently past the grating such that the residual fields inside the computation space are negligible͒, a near-to far-field transformation ͓23͔ was used in order to calculate the fields at each observation point r = xx + ẑz and time t,
where
, n L is a unit vector normal to the conversion contour and coming out of it, and Z 0 = ͑ 0 / ⑀ 0 ͒ 1/2 is the free-space impedance. A Fourier transform to H y far was applied in order to find the spectral content at each observation angle and calculate the wavelength and radiated energy at the nth order.
III. EFIE FORMULATION

A. Finite-length grating
Assuming an e jt dependence, the formulation describing the scattered TE y -polarized fields from a general 2D perfectly conducting geometry is given by the electric-field integral equation solved along the perimeter of the scatterer, C ͓24͔,
where the observation and source points on the scatterer are FIG. 2 . FDTD setup of the boundary conditions. Total of incident and reflected fields are inside the total-field/scattered-field ͑TF/ SF͒ box that contains the grating. The conversion contour for storing the data of the scattered near fields is located around the TF/SF box. The computation area is bounded by a perfectly matched layer ͑PML͒ ͓17͔.
r and rЈ, respectively, the angles tangent to these points are ␣ and ␣Ј, respectively, and the 2D free-space Green's function is G͑r − rЈ͒ = ͑1/4j͒H 0 ͑2͒ ͑k͉r − rЈ͉͒. At each angular frequency = kc, the tangential incident field at the observation point is given by the Fourier transform of Eq. ͑3a͒ for a bunch traveling above the grating,
where the bunch form factor F͑k͒ = ͐ x 0 ͐ z 0 e −͑k/␤␥͒z 0 +j͑k/␤͒x 0 f͑x 0 , z 0 ͒dz 0 dx 0 affects the coupling of the wake to the grating and produces the cutoff frequency due to the bunch distribution function.
The unknown Fourier harmonic of the induced surface current, J C ͑rЈ , ͒, in Eq. ͑5͒ was solved by dividing the grating surface into N straight segments of ⌬ n length and assuming a piecewise constant current in each one,
where g n ͑r͒ = 1 at the nth segment and zero out of it. Thus, Eq. ͑5͒ was approximated by a set of N linear equations ͓V m ͔ = ͓Z mn ͔͓I n ͔, where V m is the incident field given by Eq. ͑6͒ at the center of the mth observation segment and I n = a n . The matrix diagonal terms, which are related to the singularity of the Hankel function, are given by the closed form ͓24͔
and the other terms are calculated explicitly.
The far-field vector potential is found by the Hankel function approximation for a large argument r ӷ rЈ, namely,
and the magnetic component of the far field is ͓24͔
Equations ͑5͒-͑10͒ were computed for all frequencies up to =2c / x where the bunch form factor is very small. The power spectrum is given by the contribution of these frequencies at the observation angles − /2Ͻ Ͻ /2,
and the angular distribution of the average radiated energy per groove per meter is given by Parseval's theorem,
where N g is the number of grating periods. The integration range in Eq. ͑12͒ could be varied in order to calculate the energy in a specific range of frequencies for each observation angle, in order to obtain the contribution from a given SPR order, such as 0.5 n Ͻ Ͻ 1.5 n , where n =2nc / D g ͑␤ −1
− sin ͒.
B. Periodic solution
As a step to validate the EFIE model for the finite-length grating, we have rederived Eqs. ͑5͒-͑12͒ for the special case of an infinitely long periodic structure. The results of this section are used in order to benchmark them to van den Berg's model ͓3͔.
In an infinitely long periodic grating, the surface current J C ͑r , ͒ takes the form J C ͑x + pD g , z , ͒ = J C ͑x , z , ͒e −jk x pD g , where k x = k / ␤ is the wave number in the x direction due to the bunch traveling at speed v x = ␤c above the grating. Thus, the periodic EFIE solved along a single grating period D g will have the form ͓16͔
where the 2D periodic Green's function, G p ͑r − rЈ͒, replacing the free-space Green's function in Eq. ͑5͒, is
͑14͒
The periodic surface current in Eq. ͑13͒ is found similarly, as described in the previous subsection, by dividing the single-period integration into linear segments and approximating the current as a sum of piecewise constant functions. Due to the slow convergence of the periodic Hankel function, we have used the following procedure to accelerate its evaluation ͓16,25͔:
where the right-hand-side first term is related to p = 0 and the other two are related to the summation of p =−ϱ , … , −1, and p =1,… , ϱ, respectively. The advantage of this procedure is that the singularity in the self-term argument is evaluated as in Eq. ͑8͒, and the partial derivatives in Eq. ͑13͒ can be applied analytically on the second and third terms of Eq.
͑15͒.
After the periodic surface current is found, the periodic vector potential is found by ͓16͔
A͑x,z,͒ = 0͵
Applying the Poisson sum transformation over the periodic Green's function ͓16͔, we obtain
where k xn = k x +2n / D g and k zn = ͑ ͱ k 2 − k xn 2 ͒ * are the axial and transverse periodic wave numbers, respectively. The ͑͒ * denotes a complex conjugate value; thus, Re͑k zn ͒ ജ 0 and Im͑k zn ͒ ഛ 0. Nonevanescent radiation propagating from the grating will occur for real values of k zn . These harmonics correspond to the propagating Floquet harmonics which are the spectral grating orders.
The nth SPR order is obtained from Eqs. ͑16͒ and ͑17͒ for z Ͼ zЈ, 
where ͉H yn ͉͑͒ is independent of the ͑x , z͒ coordinates and and are related by the resonance condition in Eq. ͑1͒.
IV. NUMERICAL EXAMPLE
A numerical example of a finite length echelle grating by the FDTD and EFIE models is presented in the following section. The bunch and grating parameters are as listed in Table II , unless specified otherwise.
A. FDTD solution
The resulting SPR for the setup illustrated in Fig. 2 is presented in Fig. 3 by contours of H y . Only positive contours are presented for clarity. These contours form crescentshaped wave fronts. The 0.5-kA/ m contours are located at the edges of each crescent, and incremental contours of 1.0, 1.5, and 2.0 kA/ m are counted towards the interior of each crescent.
This figure was taken at a time step when the center of the bunch was at x Ӎ 25 mm, which is just before the end of the grating. This plot provides an intuitive understanding of the SPR mechanism, in which the evanescent waves below the bunch are being reflected by the periodic structure.
It is seen that the continuation of each crescent towards large angles, → 90°, is tangent to the location of the bunch. These crescents end at some angle Ϸ 60°where the coherent radiation is low due to the bunch length. The number of crescents, which corresponds to the number of wave fronts diffracted from the grating, is equal to the number of grooves. The wavelength is related to the distance between two adjacent wave fronts at a given angle . It is noted that the computation area above z Ͼ 2 mm was not required for the far field transformation, but was presented here for the intuitive understanding of the SPR fields. The grating was defined as a perfectly conducting metal layer which is infinitely thin along the z dimension. In Fig. 3 , electromagnetic radiation is also observed below the grating. This radiation is generated by the part of the bunch wake which passes underneath the grating and gets diffracted by the bottom of the grating. This radiation would not exist in an experiment with a finite-thickness, single-sided grating.
The far-field radiation at an observation angle of = 30°is presented in Fig. 4 . A total of ten sinusoidal periods, corresponding to the ten grating periods, are seen in this figure. The temporal distance of 3.54 ps between two adjacent peaks corresponds to a wavelength of 1.06 mm. This agrees with the theoretical wavelength at = 30°which is 1.05 mm.
The fundamental frequency at each observation angle was computed by finding the frequency in which the Fourier transform of the far-field data is maximum. The corresponding wavelength versus is presented in Fig. 5 by the solid line, where the theoretical value for n = 1 is presented by the dashed line.
B. EFIE solution
A plot of the absolute value of the surface current along the ten-period grating is presented in Fig. 6 . The surface current is normalized to a unit charge of q =1 C/m and a bunch form factor of F͑k͒ = 1. The Fourier component is 285 GHz, which is related to SPR peaking at = 30°. The surface current structure has a 2.1-mm general periodicity, in agreement with the grating period, and an overall envelope which is large in the first groove and decays towards the last groove.
The surface current for an infinitely long grating, solved for the normalization and frequency settings as in Fig. 6 , is presented in Fig. 7 by the solid line. The dashed line is the equivalent surface current for van den Berg's solution ͓Eq. ͑30͒ in ͓3͔͔. Good agreement is obtained for the reflected fields calculated from these two solutions. This periodic surface current follows a similar structure per period as the tenperiod solution in Fig. 6 ; however, it differs in the maximum amplitude value because it is the infinitely long grating solution, whereas Fig. 6 presents the ten-period solution. In this figure the surface current along one period ͑2.1 mm͒ has four variations. This agrees with a wavelength of 1.05 mm which corresponds to the above Fourier component.
A contour plot of the SPR power spectrum for the parameters in Table II is presented in Fig. 8 . The contour values are 0.5, 1, 2, and 3 ϫ 10 −15 W s 2 ͑rad m͒ −1 . For clarity, the inner plot shows a zoomed-in section of the dashed box between 0°and 20°. The dashed curves are the first ͑n =1͒ and second ͑n =2͒ orders of the Smith-Purcell resonance in Eq. ͑1͒. It is seen that the power spectrum is located along these lines, where most of it is at the first order. The spectral width at each observation angle is ⌬ / ϳ 1/nN g .
C. Radiated energy
The average first-order ͑n =1͒ radiated energy per groove per meter by the FDTD and EFIE models is presented in Fig.  9 by the solid and dashed lines, respectively. A good agreement with an error of ϳ10% is obtained between these methods. The first-order radiated energy per groove per meter by van den Berg's model, calculated at observation angle steps of 1°, is presented by the dash-dotted line.
The periodic solution deviates by a factor of more than 3 from the FDTD and EFIE solutions for the ten-period grating. Furthermore, the strong variations, related to WoodRayleigh anomalies ͓26͔, are not seen in the finite-length solutions.
The effect of a finite-thickness grating is presented by the dotted line. Here, the average first-order radiated energy per groove is calculated by the EFIE model for a ten-period single-sided grating ͑flat lower edge͒ having a 10 mm thickness. In Fig. 9 it is seen that a finite thickness grating hardly affects the SPR for a wide range of angles −45°Ͻ Ͻ 65°. However, diffraction radiation from the left and right edges is observed at ±90°͑not shown in this figure͒.
The convergence of the radiated energy per groove at = 25°for various extended grating lengths N g to that of the infinitely long grating ͑van den Berg model͒, ⌬E / E = ͑E AV − E͒ / E, is plotted as circles on a log-linear scale in Fig. 10 , where E is the energy per groove for the infinitely long grating. In this figure, ⌬E / E Ӎ 1 for a 50-groove grating ͑total length of 105 mm͒ means it is 100% higher compared to van den Berg's solution, whereas it is only 6% higher for a 175-groove grating. The solid line represents the asymptotic convergence and its slope was found to be e −0.02N g . The asymptotic convergence may be understood by the behavior of the surface current as the number of periods is increased. The amplitude of the current at the Nth groove, where 1 Ͻ N ഛ N g , is found to be mainly affected by the current from the preceding grooves ͑grooves 1 to N −1͒. For example, using the parameters of Fig. 6 , the Fourier harmonic of the surface current at the first groove has a peak value of ϳ1.0 As/ m, independent of N g ; the peak value at the second groove is ϳ0.9 As/ m for N g ജ 2, etc. The solution of the surface current for a large number of periods ͑N g Ͼ 100͒ follows an envelope where the amplitude approaches the periodic solution value, ϳ0.27 As/ m, towards the last grooves.
V. DISCUSSION
A theoretical study of SPR by a 2D bunch above a finitelength grating was presented using two models. In the timedomain model, a TF/SF approach was used to simulate the bunch wake. The far-field signal in Fig. 4 follows an envelope which falls by a factor of 2 from the first to the last period. The same behavior is noted for the surface current at the same spectral frequency shown in Fig. 6 .
The change in the surface current envelope is explained by the cumulative effects of the diffracted fields in the forward ͑positive x͒ direction. The surface current induced on the first groove, as the bunch passes above it, generates the first period of the SPR. The forward-directed part of this radiation induces current on the second groove just as the bunch is located above the second groove ͑for relativistic velocities͒, thus changing the amount of radiation from this groove. This behavior is seen in both the time-and frequency-domain solutions. For a large number of grooves, this transient settles to the periodic solution. Figure 7 shows that assuming an infinite grating length, our periodic EFIE solution agrees with the van den Berg model for the surface current.
A good agreement for the radiated energy is obtained between the FDTD and EFIE models. It is shown that van den Berg model results in a radiated energy per groove which is more than a factor of 3 lower than the average radiated energy per groove from the ten-period grating. This difference is also seen by comparing the surface current amplitude of the ten-period and the infinitely long grating in Figs. 6 and 7 , respectively. The cause of this difference is the transient radiation from the initial to the successive grooves in the grating structure, as explained in the previous paragraph. Extending the grating length by increasing the number of grooves resulted in an exponential asymptotic convergence to the infinitely long solution, as shown in Fig. 10 .
The edge effect due to a finite-thickness grating has a slight contribution to the SPR for angles −45°Ͻ Ͻ 65°, as seen in Fig. 10 . The left and right 10-mm edges result in coherent diffraction radiation at angles of ±90°.
The Wood-Rayleigh anomalies, predicted by the van den Berg model, have not been observed, to the best of our knowledge, in any SPR experiment. Only a mild structure in the radiated spectrum is predicted by our finite-length grating calculation.
It will be interesting to study how the SPR is affected by a realistic conductivity grating. Based on Ref. ͓27͔, we expect the same behavior for wavelengths longer than 4 m and a significant reduction in the radiated energy for wavelengths shorter than 1 m.
This paper extends the FDTD applications by computing the diffraction of the freespace wake by the metallic grating. It might be convenient for simulating complex grating geometries such as photonic band-gap structures ͓28-30͔ and could be used, for example, to optimize the maximum energy at a desired wavelength. Both models are limited by computer resources and required 2-3 days of computation time on a 2.65 GHz Pentium processor for the above numerical example.
